Abstract. We study the stable unextendibility of vector bundles over the quaternionic projective space HP n by making use of combinatorial properties of the Stiefel-Whitney classes and the Pontrjagin classes. First, we show that the tangent bundle of HP n is not stably extendible to HP nþ1 for n b 2, and also induce such a result for the normal bundle associated to an immersion of HP n into R 4nþk . Secondly, we show a su‰cient condition for a quaternionic r-dimensional vector bundle over HP n not to be stably extendible to HP nþl for r a n and l > 0, which is also a necessary condition when r ¼ n and l ¼ 1.
Introduction and results
Let F be the real field R, the complex field C or the quaternionic skew field H. Then, an F -vector bundle V of dimension k over a base space B is called extendible to a space B 0 with B H B 0 if there exists an F -vector bundle W of dimension k over B 0 whose restriction to B is isomorphic to V as F -vector bundles. That is, i Ã W G V for the inclusion map i : B ! B 0 . If i Ã W is stably equivalent to V , namely i Ã W þ m F G V þ m F for a trivial F -vector bundle m F of dimension m b 0, then V is called stably extendible to B 0 ( [6] ). It is an interesting problem to determine when given vector bundles are stably extendible or not, which is related to some stable properties of vector bundles like geometrical dimensions or decompositions to line bundles (cf. [12] , [2] , [11] , [9] ). In this paper, we study the stable unextendibility of some vector bundles over the quaternionic projective space HP n . Schwarzenberger ([4, Appendix 1]) has shown, as an application of the Riemann-Roch theorem, that the tangent bundle TðCP n Þ of the complex projective space CP n for n b 2 is not extendible to CP nþ1 as C-vector bundle. Kobayashi-Maki-Yoshida [7] has also shown that the tangent bundle TðRP n Þ (resp. TðL n ð pÞÞ) of the real projective space RP n (resp. the lens space L n ðpÞ for an odd prime p) is not stably extendible to RP nþ1 (resp. L 2nþ2 ð pÞ) if n 0 1; 3 or 7 (resp. n b 2p À 2) as R-vector bundle.
The tangent bundle TðHP n Þ of the quaternionic projective space HP n is an R-vector bundle of dimension 4n, and we show the following result applying the Stiefel-Whitney classes of R-vector bundles over HP n .
Theorem A. For n b 2, TðHP n Þ is not stably extendible to HP nþ1 .
Since TðHP 1 Þ ¼ TðS 4 Þ is stably trivial, it is stably extendible to HP k for any k b 2. We remark that TðHP 1 Þ is extendible to HP 2 (see Lemma 2.4). Hence, the unextendibility of TðHP n Þ to HP nþ1 agrees with the stable unextendibility of it.
Stable extendibility of the normal bundles of RP n is studied in [8] , and in [9] it is remarked that the stable extendibility of the normal bundle associated to an immersion f : M J R l of a manifold M does not depend on the map f but only on the existence of the immersion of M in R l . Let n k be the normal bundle associated to an immersion HP n J R 4nþk if it exists. Then, we obtain the following by a similar method used for the proof of Theorem A.
Theorem B. Assume that k a 4n þ 3 and n ¼ 2 m À 1 for some m b 2. Then, if an immersion HP n J R 4nþk exists, its normal bundle n k is not stably extendible to HP nþ1 .
Thomas [15] has studied the so called Chern vectors whose components are given from the Chern classes, and apply it to obtain some condition on the extendibility of C-vector bundles over CP n . Analogously, we have the Pontrjagin classes of H-vector bundles (cf. [13, Chapter V]), and we can consider the notion of the Pontrjagin vectors and apply it to study the stable unextendibility of H-vector bundles over HP n . We need some notations to express the result. First, let x be the canonical H-line bundle over HP n , and x A H 4 ðHP n ; ZÞ the Euler class of x. Then, the cohomology ring H Ã ðHP n ; ZÞ is isomorphic to the truncated polynomial ring Z½x=ðx nþ1 Þ, and the i-th Pontrjagin class P i ðV Þ ¼ ðÀ1Þ i C 2i ðc 0 ðV ÞÞ of an H-vector bundle V can be represented as an integer p i ðV Þ multiple of x i , namely P i ðV Þ ¼ p i ðV Þx i . Here, c 0 ðV Þ denotes the underlying C-vector bundle of V , and C j ðc 0 ðV ÞÞ is the j-th Chern class of it. Then, we define the Pontrjagin vector of V as the integral vector ð p 1 ðV Þ; . . . ; p n ðV ÞÞ A Z n . Next, let s k : Z k ! Z for k b 1 be the map defined recursively using the Newton's relations as follows: hold for all i with 1 a i a n.
Now, for an H-vector bundle a of dimension r over HP n with r a n, we set 
The paper is organized as follows. In § 2 we prove Theorems A and B, and in § 3 we study the Pontrjagin vectors and prove Theorem C. In § 4, we prove Theorem D and Corollary E, and, as an example, we show in Proposition 4.1 some condition under which an H-vector bundle of dimension n stably equivalent to ðn þ kÞx for some k > 0 is not extendible. 
Proof of Theorems
¼ Zfx p n g p g for any p with 1 a p a n. Then, g 1 X A KO 0 ðHP n Þ is represented by x n g 1 modulo Zfx i n g i g for all i with 2 a i a n in the E 2 -term of the spectral sequence, because 
4ð2mþeÞ; À4ð2mþeÞ 2 for e ¼ 0 or 1, g p X p is represented by x p n g p modulo Zfx i n g i g for all i with p þ 1 a i a n in the E 2 -term of the spectral sequence. In this way, we see that KO 0 ðHP n Þ is a free abelian group with basis g 1 X ; g 2 X 2 ; . . . ; g n X n . That is, we have
The tangent bundle TðHP n Þ of HP n satisfies
where x Ã and x R denote the quaternionic conjugate bundle and the underlying real vector bundle of x, respectively. Then, we have the following.
Proof. We remark that the underlying C-vector bundle c 0 ðxÞ of x is self conjugate and cðx R Þ G 2c 0 ðxÞ. Also, there is a relation cðx n H x Ã Þ ¼ c 0 ðxÞ n C c 0 ðxÞ ¼ c 0 ðxÞ 2 . Thus, we have the following equalities:
Since the homomorphism c :
Hence, by (6),
as is required. r
Z=2Þ be the total Stiefel-Whitney class of an R-vector bundle V over a compact space B. Then, by the stable and multiplicative properties of the Stiefel-Whitney classes, we can also have the Stiefel-Whitney class wðaÞ A H Ã ðB; Z=2Þ of a A KO 0 ðBÞ. As for the elements g i X i of KO 0 ðHP n Þ in (5), we have the following lemma, where we denote the mod 2 reduction of x A H 4 ðHP n ; ZÞ by the same letter x.
Proof. First, we shall prove the following congruence, where k is a positive integer and e ¼ 0 or 1:
Here, Cðc 0 ðxÞ 2kþe Þ denotes the total Chern class of the ð2k þ eÞ-fold tensor product of c 0 ðxÞ. 
ZÞ is a monomorphism, we have the congruence
k , and thus we have (7) for e ¼ 1. The congruence (7) for e ¼ 0 is similarly shown.
Recall that cðX Þ ¼ ½c 0 ðxÞ À 2 C . Then, for e ¼ 0 or 1, we have
In fact, for e ¼ 0, cðX
, where b i ¼ 2k i . Then, using (7), we have the following congruences: 
Proof. The kernel of the homomorphism i Ã : KO 0 ðHP nþ1 Þ ! KO 0 ðHP n Þ is a free abelian group of rank 1 with generator g nþ1 X nþ1 by (5). Thus, by Lemma 2.1, the stable class of g satifies
for some integer a, where r is the dimension of g. Then, using Lemma 2.2, we have
Now we complete the proofs of Theorem A and Theorem B.
Proof of Theorem A. Assume that TðHP n Þ is stably extendible to HP nþ1 for some n b 2. Then, there exists a 4n-dimensional R-vector bundle b over HP nþ1 whose restriction to HP n is stably equivalent to TðHP n Þ. Then, by Corollary 2.3, we have wðbÞ ¼ ð1 þ xÞ nþ1 , which contradicts that b is of dimension 4n. Thus, we have the required result. r
Proof of Theorem B. Assume that n ¼ 2 m À 1 for m b 2 and k a 4n þ 3. Since n k þ TðHP n Þ is equivalent to the trivial bundle ð4n þ kÞ R , we have
in KO 0 ðHP n Þ by Lemma 2.1. By the same reason as in Corollary 2.3, if there exists a k-dimensional R-vector bundle g over HP nþ1 satisfying that i Ã g is stably equivalent to n k , then wðgÞ ¼ ð1 þ xÞ Àðnþ1Þ , and thus
Hence, when n ¼ 2 m À 1, w 4ðnþ1Þ ðgÞ 0 0 which contradicts that g is of dimension k with k a 4n þ 3. Thus, we have completed the proof. r
As the last of this section, we show the following mentioned in § 1. 
Pontrjagin vectors
First, we define an H-vector bundles xðkÞ recursively as follows:
Here, the H-vector bundle structures of xð2iÞ and xð2i þ 1Þ are given by 1 H and x, respectively. Thus, xðkÞ is an H-vector bundle of dimension 2 k =aðkÞ, where aðkÞ ¼ 1 or 2 according as k is an even or odd integer. We have (9), and the homomorphism c : KSp 0 ðHP n Þ ! K 0 ðHP n Þ is a monomorphism. Thus, each g iÀ1 X i is written using ½xð jÞ À ð2 j =að jÞÞ H for 1 a j a i as follows:
b j ½xð jÞ À ð2 j =að jÞÞ H for some integers b j . Since fg iÀ1 X i j 1 a i a ng is a basis of KSp 0 ðHP n Þ, f½xðiÞ À ð2
i =aðiÞÞ H j 1 a i a ng is also a basis of it from these equalities. Thus, we obtain the required result. r 
Proof. We put Z i ¼ ½xðiÞ À ð2 i =aðiÞÞ H for 1 a i a n to the basis of KSp 0 ðHP n Þ in Lemma 3.1. Then, using the relation p Ã ðc 0 ðxÞÞ ¼ h þ h and (9), we have
Then, since p Ã and c are both monomorphisms, where the integers p i ðV Þ satisfy P i ðV Þ ¼ p i ðV Þx i for the Pontrjagin classes P i ðV Þ A H 4i ðHP n ; ZÞ of V , respectively. Since the total Pontrjagin class PðV Þ ¼ 1 þ P 1 ðV Þ þ P 2 ðV Þ þ Á Á Á satisfies the multiplicative property PðV þ W Þ ¼ PðV ÞPðW Þ and Pðk H Þ ¼ 1, we can also define the Pontrjagin vector pðaÞ A Z n of a ¼ ½V À dim V H A KSp 0 ðHP n Þ by setting pðaÞ ¼ pðV Þ.
In (1), we have introduced a map s k : Z k ! Z defined by the Newton's relation as follows: Then, it defines a monomorphism s : Z n ! Z n between the free abelian groups Z n , and we set sðaÞ ¼ sðpðaÞÞ for a A KSp 0 ðHP n Þ. As for the basis fY i j 1 a i a ng of KSp 0 ðHP n Þ in Lemma 3.2, we have the following.
Proof. By the definition of Y k , we have PðY k Þ ¼ ð1 þ k 2 xÞ 2=aðkÞ for k b 0. Thus, using the Newton's relation, we have s i ðY k Þ ¼ ð2=aðkÞÞk 2i as is required. r Let A be the n Â n matrix whose j-th column is sðY j Þ for 1 a j a n. Hence, by Lemma 3.3, A is represented as . . .
We also denote by AðqÞ the n Â ðn þ 1Þ matrix whose first n Â n submatrix is A and the last column is sðqÞ. That is,
and thus we have the following.
Proposition 3.4. When AðqÞ is transformed into an integral matrix ðB uÞ by row operations within integral matrices, a necessary and su‰cient condition for an integral vector q ¼ ðq 1 ; . . . ; q n Þ A Z n to be a Pontrjagin vector is that there
Let g k : Z k ! Z be the map given in (2). Then, the following is easy by the induction on k.
Now, we transform AðqÞ step by step through elementary row operations within integral matrices to make A an upper triangular matrix. As the first step, subtracting the i-th row from the ði þ 1Þ-th row proceeding upward consecutively from i ¼ n À 1 to i ¼ 1, AðqÞ is transformed into the following matrix, since 
where we abbreviate s i ðq 1 ; . . . ; q i Þ simply by s i for 1 a i a n.
As the next step, subtract the 2 2 times of i-th row from the ði þ 1Þ-th row proceeding upward consecutively from i ¼ n À 1 to i ¼ 2. Then, the matrix is transformed into the following matrix, since g 3 ðk 1 ; 
Proceeding such way, after n À 1 steps we reach a matrix MðqÞ whose first n columns form an upper triangular matrix, as follows. 2 ; j 4 ; . . . ; j 2i Þ for 1 a i a j a n; 0 for i > j; g i ðs 1 ðq 1 Þ; . . . ; s i ðq 1 ; . . . ; q i ÞÞ for 1 a i a n and j ¼ n þ 1:
Using Lemma 3.5, the elements m i; i for 1 a i a n and m i; j for 1 a i < j a n can be written, respectively, as follows:
Then, we have the following. Lemma 3.7. For 1 a i a j a n, m i; i is a factor of m i; j .
Proof. We show that m i; j =m i; i is an integer. Using (12) and (13), we have
By Feder and Gitler [3] , it is shown that
Therefore, if j is even or if both i and j are odd, then aðiÞ=að jÞ ¼ 1 or 2 and thus m i; j =m i; i is an integer. We also have
Hence, if j is odd and i is even, then the odd integer i þ j divides j j þ i 2i .
Thus, m i; j m i; i is still an integer, which concludes the proof. r Now, we complete the proof of Theorem C.
Proof of Theorem C. By Proposition 3.4, a necessary and su‰cient condition for an integral vector q ¼ ðq 1 ; . . . ; q n Þ to be a Pontrjagin vector of an H-vector bundle over HP n is that there exists an integral vector b satisfying (11) when we take ðB uÞ ¼ MðqÞ. Then, by Lemmas 3.6 and 3.7, such b exists if and only if each m i; i is a factor of g i ðs 1 ðq 1 Þ; . . . ; s i ðq 1 ; . . . ; q i ÞÞ for 1 a i a n. Thus, using (12), we obtain the required result. r
Proof of Theorem D and Corollary E
Now, we prove Theorem D and Corollary E using Theorem C.
Proof of Theorem D. Let a be an H-vector bundle of dimension r over HP n with r a n, and assume that a is stably extendible to HP m for some m with m > n. Then, there exists an H-vector bundle b of dimension r over HP m whose restriction to HP n is stably equivalent to a. The Pontrjagin vector of b is represented as pðbÞ ¼ ðp 1 ðaÞ; . . . ; p r ðaÞ; 0; . . . ; 0Þ. Hence, by Theorem C, we have g rþi ðs 1 ; . . . ; s r ; t rþ1 ; . . . ; t rþi Þ 1 0 ðmodð2ðr þ iÞÞ!=aðr þ iÞÞ for any i with 1 a i a m À r, where s 1 ; . . . ; s r ; t rþ1 ; . . . ; t m are the integers given in (3) and (4) for a under consideration. Thus, taking the contraposition, we have the required result. r
Proof of Corollary E. Let a be an H-vector bundle of dimension n over HP n . Then, the extendibility of a is equivalent to the stable extendibility of it by a stability property of vector bundle (cf. [5, § 8, Theorem 1.5]). Thus, it is su‰cient to prove the converse of Theorem D for a when r ¼ n and m ¼ n þ 1. We assume that g nþ1 ðs 1 ; . . . ; s n ; t nþ1 Þ 1 0 ðmodð2ðn þ 1ÞÞ!=aðn þ 1ÞÞ. Then, by Theorem C, there exists an H-vector bundle b over HP nþ1 with P i ðbÞ ¼ P i ðaÞ for 1 a i a n and P nþ1 ðbÞ ¼ 0. By a stability property (cf. [5, § 8, Theorem 1.2]), we can assume that b is of dimension n þ 1 as an Hvector bundle. Then, the restriction i Ã b over HP n is stably equivalent to a þ 1 H , since they have the same Pontrjagin classes (cf. [6, Lemma 4] ). On the other hand, regarding b as an oriented vector bundle, the Euler class of b is P nþ1 ðbÞ up to sign, and thus the primary obstruction class to construct a cross section of the associated sphere bundle of b is P nþ1 ðbÞ (cf. [10, Theorem 12.5] ).
Hence, the equality P nþ1 ðbÞ ¼ 0 shows that b admits an everywhere nonzero section, and thus b G g þ 1 H for some H-vector bundle g of dimension n over HP nþ1 . Then, by the stability property again, it follows that i Ã g G a. Thus, a is extendible to HP nþ1 , and we have completed the proof. r
As a special case of Corollary E, we have the following, where x denotes the canonical H-line bundle as before. Proposition 4.1. Let a be an H-vector bundle of dimension n over HP n . If a þ k H G ðn þ kÞx for some k b 1, then the necessary and su‰cient condition for a not to be extindible to HP nþ1 is that the following holds:
Proof. Put b ¼ ðn þ kÞx over HP nþ1 . Then, p i ðaÞ ¼ p i ðbÞ and s i ðaÞ ¼ s i ðbÞ for 1 a i a n. Since PðbÞ ¼ Pððn þ kÞxÞ ¼ ð1 þ xÞ nþk , p i ðbÞ for 1 a i a n þ 1 is equal to the value of the i-th elementary symmetric polynomial with n þ k variables substituted 1 for all variables. Thus, using an algebraic property concerning the symmetric polynomial and the Newton polynomial, we have s i ðbÞ ¼ 1 i þ Á Á Á þ 1 i |fflfflfflfflfflfflfflffl ffl{zfflfflfflfflfflfflfflffl ffl} nþk ¼ n þ k for 1 a i a n þ 1. Then, by the definition of t nþ1 , we have Thus, by Corollary E, a necessary and su‰cient condition for a not to be extendible to HP nþ1 is that n þ k n þ 1 D 0 ðmod aðnÞð2n þ 1Þ!Þ as is required. r For example, when 1 a k a n, a vector bundle a over HP n of dimension n which is stably equivalent to ðn þ kÞx is not extendible to HP nþ1 .
